With 6-man Chess essentially solved, the available 6-man Endgame Tables (EGTs) have been scanned for zugzwang positions where, unusually, having the move is a disadvantage. Review statistics together with some highlights and positions are provided here: the complete information is available on the ICGA website. An outcome of the review is the observation that the definition of zugzwang should be revisited, if only because the presence of en passant capture moves gives rise to three new, asymmetric types of zugzwang.
Introduction
Six-man Chess is essentially solved and the Nalimov [1] Endgame Tables (EGTs) to DTM, Depth to Mate, have been widely promulgated for some time [2] 1 . The corpus of perfect information is a challenge to datamine for both helpful guidelines and for the pathological positions -the deep, exceptional, bizarre and amusing.
A zugzwang position is defined here as one where the side to move would prefer that it were the other side's turn to move. They are remarkable in themselves and the 'zug', much sought after by composers, is a running theme in the Study community [3] [4] [5] [6] [7] [8] [9] . The zug is also the counterexample to the assumption of the Null Move Heuristic that having the move is an advantage. When 5-man chess was solved, the two sets of respectively DTM and DTC 2 [10] EGTs were searched [11] for zugs 3 . A later review of Thompson's 6-man pawnless DTC EGTs also included a zug search [12] .
The zugzwang search reported here is almost entirely of the highly available Nalimov DTM EGTs [2] , [13] . The search was carried out via the web using Bourzutschky's GTBGEN and the first author's EGTs and JAVA code. Unpublished FEG DTM EGTs [14] for 5-1(p) chess and DTC EGTs for 6-man chess [15] [16] exist and Bourzutschky has supplied [16] a zug review of 5-1(p) chess from the latter. Section 2 considers zugzwang definitions and identifies three new types of zug: section 3 covers logistics. Section 4 is a summary of the main findings. Tables 1-5 list various illustrative statistics and positions; the full details are available via the ICGA website [17] which will host the evolving story of the zugzwang.
Definitions of The Zugzwang
Zugzwang is defined [18] as pressure to take action and a zugzwang position is defined to be one where this pressure is unwelcome -where the first player would rather pass the position across'. 4 However, in [19] a zugzwang position is defined as 'a position in which whoever has the move would obtain a worse result than if it were the opponent's turn to play'. Note that this now involves the 2 nd player's perspective and focuses only on the outcome without considering its achievement or likelihood.
Other authorities refer to zugzwangs as reciprocal or mutual zugzwangs. The words whoever, reciprocal and mutual suggest a symmetry, perhaps assuming incorrectly that the 2 nd player can always pass back the 1 st position to the 1 st player.
Consider the en passant zone EPZ of Chess, i.e., those positions where there is an en passant capture option. Let p1 ∈ EPZ: what now are positions p2 and p3? The proposal here 5 is to clarify this situation by formalising the notions of passing over or losing the move as one of playing a null move or nulling. Now the rules of chess define p2 and p3: the e.p.-capture option in p1 disappears if not played immediately, p2 does not feature any e.p.-capture option as the 1 st player has not moved a Pawn two squares, and similarly, p3 is p1 without e.p.-capture option. Positions in EPZ are 0.62% of those in their endgame and zugs in EPZ comprise 0.22% of the total.
Let the Level A zugzwang, our focus here, be described in these terms: a) positions are valued from 1 st player's perspective: loss (0), draw (1), win (2), b) if there is force-symmetry and/or no e.p., 1 st player is assumed to be White Black plays first in 11 Table 1 positions (Zs 04-5, 07-9, 12, 22-4, 26-27), c) 1 st player in position p1 (value v1) nulls to p2 (value v2) iff v2 > v1, 6 d) 2 nd player may or may not, c.f. Table 1 's Z08-9, null to p3, value v3 ≤ v2, e) if p3 ≡ p1, v3 ≡ v1. If p3 ≠ p1, p3 is 'stalemate' or v3 ≤ v1. Fig. 1 is formatted so that the 1 st player nulls 'to the right' and the 2 nd player nulls to the left to increase value to themselves. Clearly, in addition to the three familiar zug types A1-3, 7 we now have, exclusively in the EPZ, just three more types A4-6: 8 1) type A1 ≡ '121' ≡ 'draw-win-draw', q.v. Z01 in Table 1 2) type A2 ≡ '010' ≡ 'loss-draw-loss', q.v. Z02: A1-3 are no net gain for player 1 3) type A3 ≡ '020' ≡ 'loss-win-loss', the full-point zug, q.v. Z03 4) type A4 ≡ '120' ≡ 'draw-win-loss', a net loss for player 1, q.v. Z05-6 5) type A5 ≡ '021' ≡ 'loss-win-draw', a net gain for player 1, q.v. Z07 6) type A6 ≡ '01(1)' ≡ 'loss-draw(-draw)', a net gain for player 1 9 , q.v. Z08-9
Clearly, type A4-6 zugs are asymmetric. Considered only in terms of the first two positions, A4 becomes A1, A5 becomes A3 and A6 becomes A2. 
Enumeration: Endgames and Zugzwang Occurrences
These notes explain the lexical ordering of men and of endgames, and the principles used for counting the occurrences of zugzwangs. The men are listed in the strength order K-Q-R-B-N-P. White has at least as many men as Black. In m-m endgames, White's lead men are at least as strong as Black's.
No attempt is made to eliminate unreachable positions in EGT statistics: this is usual as there is no general algorithm. With this limitation, the count is of FENdistinct and functionally unique zugzwangs. Thus, no zugzwang can be physically transformed into any other. The following subtleties should be noted: a) For force-symmetric zugs z ∉ EPZ, type A1 and A2 zugs are equivalent:
the count of A2 zugs is shown in brackets, b) Given force symmetry, A3 zugs usually appears in two physical forms:
-the two physical versions were identified 12 and counted as one here, c) When both Kings are on a1-h8 or a8-h1 in pawnless endgames:
Nalimov has both physical versions of the position if there are two; t he two physical versions were identified and counted as one here, d) When e.p.-capture has been enabled but is actually illegal, q.v. Z12:
the position is counted here as different from that without the e.p., 1 st player would have to realize that the e.p.-option is illusory, FIDE's recently reworded Article 9.2 now seeks to ignore the e.p. [20] [21] [22] , e) An example of an unreachable zug: position Z12 also implies the prior 1. b2-b4, impossible on two grounds: before 1. b2-b4, the side not to move, Black, is in (double) check, check from a Pawn on its home square is itself impossible, therefore, the position prior to Z12 is also unreachable.
We note one small, historical and now resolved hiatus with respect to these results. The identification of zugs of types A4-6 was a serendipitous accident 13 and was initially regarded as a bug by GTBGEN'S author Marc Bourzutschky.
When the 'last 16' 3-3p endgames to KPPKPP were published, both by MB converting his FEG EGTs to Nalimov's format 14 [23] and by Nalimov returning a disc to Hernandez [24] , MB discovered that although he had anticipated a 2-byte format for the KQPK(B/R)P EGTs in GTBGEN, Nalimov had in fact discovered that the 1-byte format would suffice [25] . MB realigned with Nalimov and removed the ability to detect type A4-6 zugs before a GTBGEN was provided that could address these two EGTs. MB now advises [16] that no type A4-6 KQPKBP or KQPKRP zug exists.
Results for Level A zugs have been published as a set of files [17] . Table 2 provides summary statistics for the six blocks of 6-man zugs, 3-3(p), 4-2(p) and 5-1(p). There are 293 5-1p zugs, 261 created by a touring Knight being on the wrong foot. Table 3 details the occurrences of e.p. zugs including the new types of zug. Table 4 lists in lexical order all endgames with A3 zugs, together with an example of their deepest such zug. Table 5 is a miscellany of exemplar positions: an A2 e.p. zug with p3's depth less than p1's (P03), an A3 e.p. zug (N01), A2 and A3 zugs dezugged by the addition of an e.p. opportunity (N02-3) or castling option (P01), zugs unaffected (P02) or created (N04-8) by giving castling rights to the 1 st or 2 nd player, 5-1p zugs (P06-13), 7-man zugs (B01-6) and Zugzwang Studies (S01-12) featuring zugs. Elkies [26] composed N01-10 and Bourzutschky [15] [16] found B01-6. 
Type
Positions S01-S12 are from studies where White wins in an essentially unique way. They all feature a level A zug in both a try and the mainline solution and are mainly taken from Beasley [9] . The appendix can accommodate only a few of the solutions so there are plenty of exercises here for the reader. 
Commentary: Statistics, Gems and Studies
Our EGT search has identified a corpus of over 900,000 zugs which may be reviewed in statistical terms, datamined for gems of various sorts, and put in the context of the Chess Study, the chess-engine and the game itself. In addition to the Level A zug defined above, two further levels of zug are notable, q.v. Table 5 . At Level B, a B1 (B2) zug is merely inconvenient, requiring the winner (loser) to make more (less) moves in some metric before some defined goal. Positions P04 (B2), N09 (B1) and S01-S12 feature examples. Note that the number of moves to goal may not be affected in all metrics. 21 At Level C, zugs do not impact value or depth in any metric but the side to move would rather play a null move: Regan [27] identified P05 and Elkies [26] identified N10, both draws in which a null move eases the task of the defender. The likelihood of a win in a theoretically drawn position can be modelled using the concept of a Reference Fallible Player [28] [29] [30] [31] [32] .
The Statistics
Pawnless zugs are just 5.26% of the total; pawnful zugs account for the vast majority. There are more pawnful than pawnless positions but the presence of at least one pawn increases the density of zugs by a factor of four. Zugs are also more frequent when Knights, parity-bound and unable to lose the move 22 , are present.
Type A3 zugs are clearly rarer than A1-2 zugs and have been the focus to date: it had been established that no pawnless A3 zug exists with 5 men or less [11] .
The presence of an en passant feature in a zug has not attracted attention so far, perhaps for three reasons. Type A1-3 zugs in EPZ remain zugs of the same type if the en passant opportunity is removed. Secondly, e.p. constrains two pawns to 14 of the 2,256 positions available and, at 0.22% of the total as in Table 3 , e.p. zugs are few indeed. Finally, the very few type A4-6 zugs had not been discovered.
The next challenges are to trawl for zugs in small EGTs for positions with castling rights, and in large 7-man EGTs. Under the DTZ 50 metric which recognizes the 50move Rule, some zugs, q.v. Table 4 , lose their status or change type.
Datamining for Gems
The deepest zugs come closest to not being zugs at all: the shallowest zugs feature the greatest change of advantage achievable by the null move. Relative depths may vary with the depth-metric chosen.
Rare gems have intrinsic value; zugs may be absolutely or type-unique within their endgame and/or have some rare feature. There are only 51 type A2 e.p. zugs in which position p3 is shallower than position p1: 20 in KPPKP and 31 in KPPKPP.
The absence of a pawnless 5-man A3 zug naturally led to a search for one in 6-man chess. In response to the so-called Pawnless Trébuchet Challenge [33] , Elkies had conjectured that position Z10, identified three years earlier [8] , might just be one such: he did not claim [8] that it was as incorrectly announced by Roycroft [34] . The search turned to 6-man endgames [12] , [33] , [35] but the authors confirmed earlier in the work reported here that there were none [29] . Evidence of Elkies' remarkable prescience [36] is that Z10 perhaps comes closest of all 6-man pawnless positions to being an A3 zug. This is the only position found in which the 2 nd player has to avoid the loss by first playing four unique draw-saving moves. 23 With KRBNKNN Z11 derived from KRNKNN Z10 [8] , the A3 challenge became one of reducing the number of Knights in such a zug. The zugs B06 [29] , [37] , B03 [16] and B02 [38] feature two, one and no Knights respectively though B02 leaves a residual challenge by requiring obtrusive, i.e. obviously-promoted, force.
Surprisingly, there are no A3 e.p. zugs in 6-man chess but Elkies recalled an 8-man example (N01) derived from an actual game [39] . Other than the 393 A4 KPPKPP zugs, there are just three A4-6 zugs: one A4 (Z05), no A5 zugs 24 and two A6 zugs (Z08-9). The A4 zug is unique in that the value of position p3 is worse than the value of position p1, but the 1 st player is a net winner in A5-6 zugs: the 2 nd player's perspective is irrelevant in A6 zugs. Elkies has provided the first known A5 zug (Z07) and examples N02-3 of an added e.p. opportunity dezugging a zug.
Castling rights have not been included in EGTs. However P01 and P02 are the first known zugs where added castling rights dezug or not. Elkies [26] provided exemplar zugs (N04-8) where the provision of 0-0(-0) castling rights to the 1 st or 2 nd player creates a zug: some also feature a significant e.p. opportunity.
Zugzwangs and Studies
In the Chess Study, White is by convention challenged to draw or win. The appearance of a zugzwang position in a study is notable in itself and, if it is Black to move, suggests that White is just one ply from missing its objective. Mandler's study S11 [40] requires White to revisit a previous physical position 11 plies later but with Black to move: that position is therefore a Level B zug.
A Zugzwang Study is defined to be one in which the zugzwang not only appears in the main line of a study in White's favour but also appears as the refutation of a plausible sideline try [9] . Fig.2 illustrates the requirements for such a study: a position p must appear in its wtm form pw in the try and in its btm form pb in the main line; White's moves should be essentially unique and Black should play its best defence'. Beasley gives some remarkable examples of the genre and his article on the theme, from which most of the study positions S01-S12 are taken, is recommended. The zugzwang study demonstrates that the aesthetic contribution [41] of a zugzwang position to a study must be judged in the context of that study and not in isolation.
Summary
The authors have searched the available Nalimov DTM EGTs for 6-man chess to identify all the Level A zugzwangs. Somewhat accidentally, we have discovered three new types of zugzwang to make six types in all: there are no other types.
Work will turn to zugs in the more recently arrived 6-man 'DTC' results [16] which will be compared with those of Nalimov 25 and Thompson [12] , to Level B and C zugs, and to an examination of the occurrence of zugs in studies [42] [43] .
Complementing this review, the full results, including statistics, highlights and lists of all the zugs with their DTM depths, are published on the ICGA website [17] . The zugs may be studied using EGT query services on the web [13] , [44] and we look forward to them being mined for gems by the Chess Studies community and others.
